SIMPLE ALGEBRAS AND COHOMOLOGY GROUPS
OF ARBITRARY FIELDS

BY
S. A. AMITSUR

Let F be a finite normal extension of a field C and let G be its Galois group
of automorphisms. In the classical theory of simple algebras, it is shown that
the Brauer group B(F) of all simple algebras over C split by F is isomorphic
(canonically) with the second cohomology group H2?(F*, G) of G with coeffi-
cients in the multiplicative group F* of the nonzero elements of F.

If F is a purely inseparable extension of exponent 1 of C, then it was
shown by N. Jacobson that a Galois theory for such extension is obtained by
replacing the Galois group of automorphism of F by the restricted Lie-
algebra &£ of all derivations of F over C. Recently, Hochschild has shown
[7] that this Lie algebra can, in some way, replace the Galois group G in
the classical result on the Brauer group 8(F). More precisely: he has shown
that B(F) is isomorphic with a certain subgroup of Hz(F*+, ) where HZ(F+, Q)
denotes the second restricted cohomology group of £ with coefficients in the
additive group F* of the elements of F.

Naturally, the question arises now whether these two results are different
results, which are connected by the name “cohomology groups” or whether
they are two different aspects of one result which includes them. The main
purpose of this paper is to answer this question in favor of the second pos-
sibility.

A general Galois theory for arbitrary extensions F of C has been obtained
by N. Jacobson [10], following some ideas of Kaloujnine, by considering
representations of F over C. This idea has been followed, in an abstract form,
considering F-bimodules and the results were extended to other cases by
Hochschild [5], Nakayama [11; 12] and others. The general theory was ob-
tained by considering certain relatively-cyclic sub-bimodules of the tensor
product FQcF.

On the other hand, the author has given a method for constructing all
simple algebras (in [1]) by dealing with different imbeddings of a field F
in a larger field K. An extension of this result to arbitrary rings R which is
obtained with replacing the field K, in particular, by R=FQ® ¢F, yields a rela-
tion between this construction of simple algebras and the general Galois
theory. One aspect of this relation will be dealt with elsewhere.

In the present paper we apply the extension of the results of [1] to obtain
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a correspondence between certain algebras over C and relatively-cyclic
R(Vp)-bimodules, where (V) is the ring of all linear transformations of an
F-space V. It happens that the central simple algebras are the algebras which
correspond to the relatively-cyclic closed bimodules in the sense of Jacobson-
Hochschild (see e.g. [12]). These bimodules form a multiplicative semi-group
and it is shown that there exists a homomorphism of this semi-group onto the
Brauer group B(F).

A certain representation of this semi-group of the relatively-cyclic bi-
modules leads us to considering a chain-complex C(F*):

1->F*>F@cFhH*—>: - > FQcQcF)*—

with a derivation A, and where (*) denotes the multiplicative group of the
respective ring. For the precise definition of A see §5. This complex yields
the cohomology group H*(C(F*)) =Kernel A/Image A, and our main result is
that: H*(C(F*))=B(F).

Furthermore, we prove that this result includes the classical result of
Brauer and a parallel result to the recent result of Hochschild quoted above.
Actually we prove that if F is a normal extension of C with the Galois group
G then H*(@(F*))=H"(F*, G), and if F is a pure inseparable extension of C
of exponent 1 with the Lie algebra of derivation £ then H"(C(F*)) is iso-
morphic with a certain subgroup of Hy(F+, £), which is probably (but has
not been shown yet) for n =2 identical with the group of Hochschild.

The paper contains two parts: Part I includes §§1-4 deals with the
extension of Part I of [1] to rings which satis{y certain conditions. In the
second part, which contains §§5-8, we define the general cohomology groups
of arbitrary fields F and prove the results stated above. The last section con-
tains an extension of a result of Hochschild [8] regarding the behavior of the
Brauer group over fields of characteristic p under pure inseparable extensions.

I

1. Semi-linear transformations. Let .S be a subring of a commutative
ring R. Let R and S contain the same identity element. We shall consider the
ring R both as a right and as a left S-module and we assume that R is an S-
free module.

Let V be a (left) R-module and let W be an S-admissible subgroup of
V (i.e., sSWCW for all s€S). We shall say that W is a regular S-submodule
of V is the homomorphic mapping u: RQsW—V defined by u(r®v) =r,
r&ER and v&E W, is an isomorphism.

We note that if V contains a regular S-submodule W which is S-free, then
since u is an isomorphism it follows that S-independent elements of W are
also R-independent in V; furthermore, V itself is a free R-module.

If W is a left module over a ring K, we shall denote by Rx(W) the ring
of all K-endomorphisms of W. The notation R(W) will be used instead of
Rx(W) when no confusion about the ring K is involved.
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Let W be a free regular S-submodule of V, then clearly: R(RQsW)
=R@®sRs(W) and, thus, p induces an isomorphism between the ring
R®sis(W) and Rr(V) and we shall often identify the two rings.

In this paper we shall be interested in the following situation: Let S=F
be a subfield of a commutative ring R and let C be a fixed subfield of F. In
what follows we assume that: R contains a nilpotent ideal N (which may be
zero) such that R/ N is a direct sum of a finite number of fields.

In this case every F-module is free, and thus the requirements of the pre-
ceding remarks hold. Let Vr be an F-space of dimension nandlet V=RQ® ¢ V.
Clearly, Vr is a regular F-subspace of V and, therefore, it follows by the
preceding remarks that Re(V)=RQrRr(Vr). We shall use the notations
R(V), R(Vr) instead of Re(V) and Rr(Vr) respectively. Thus, these rings
denote the ring of all linear transformations of the spaces V and Vr respec-
tively.

Let ¢ be an isomorphism of F into R which leave the elements of the sub-
field C invariant.

DEeFINITION 1. A (¢-) semi-linear transformation T of Vg into V is a
homomorphism T of Vg into V which satisfies:(1)

T(hv) = Ty h&EF and v € Vp.

Since F*={h*; hEF}CR is a field, the set TVr={Tv, €V} is an
F¢-subspace of V and clearly (TVp: F#) <n.

DEFINITION 2. A ¢-semi-linear transformation T of Vp into V is said to be
regular if the space TV is a regular subspace of V. i.e., if the natural mapping
(*) u: R p¢TVp—V, defined by u(r @ Tv) =rTv, is an isomor phism.

If T is regular, then clearly T is an isomorphism of Vy onto T'Vg; further-
more, if the set (v;) is an F-base of Vp then the set (T;) will be an R-base of
V as well as an F¢-base of TVy. Conversely, the most general regular semi-
linear transformation T of Vp into V is obtained by choosing an F-base (v)
of Vr and an R-base (w:) of V and defining: T(X hw.) = > hdw,, for all
h,EF.

In [1, Part 1] we have considered only semi-linear transformations in
vector spaces over fields, i.e., the case R=K is a field. We now extend the
theory of that paper to an arbitrary commutative ring satisfying the require-
ments mentioned in the beginning of this section. Almost all of the results of
[1, Part I] can be carried over to the present case without any additional
efforts. We shall quote the results of [1] which will be needed in the context
and we include new proofs only in those cases where the fact that R is not a
field affects the proof given in [1].

LeMMmA 1.1, If T is a regular semi-linear transformation of Vg into V and
P, Q are regular linear transformations of Vp and V respectively, then QTP is
also a regular semi-linear transformation of Vg into V [1, Lemma 1.1].

(1) Operators of a ring or of a space will be written multiplicatively on the left of the ele-
ment on which they operate.
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Since T'is an isomorphism, it follows readily that TR(Vg) T-!=Rps(T V)
and, therefore, for any PER (V) the element: u(1 @ TPT!) =PT belongs to
R(V). Thus, we have:

PTTy = p(1 @ TPTH(1 @ Tv) = p(1 @ TPy) = TPy, v & Vp,

which follows by the definition of u and by the relation between R(V) and
R(Vr). This proves that PTT'= TP and clearly this relation determines PT
uniquely.

LemMA 1.2. If T is a regular semi-linear transformation of Vg into V, then
for any linear transformation PER(Vy) there exists a unique linear trans-
formation PTER(V) such that TP =PTT, and the correspondence P—PT is a
p-extension isomorphism of R(Vr) into R(V), i.e., T =h* [1, Lemma 1.2].

LEMMA 1.3. Let T be a regular s.l.t. of Vg into V, then (V)T is the set of
all semi-linear transformations of Vg into V. Furthermore, a semi-linear trans-
formation S=QTP, QER(V), PER(VF) is regular, if and only if P and Q are
regular linear transformations, and then AS =Q(PAP-1)TQ-1.

This lemma is included in {1, Lemma 1.3]. We recall that if T} and T are
semi-linear transformations of Vp into V and T is regular, then Ty =QT
where Q is defined by the relation Q(Tv,) = Tiv;, for a given base {v;} of Vp.

Let V, Vrand W, Wr be two spaces over R and F of the type considered
above and let T, S be regular semi-linear transformations of Vp into V and of
Wpr into W respectively. Then the definition (T®S)(v®w) = Tv® Sw yields
a regular semi-linear transformation of Ve ® rWp into VQrW.

DEFINITION 3. The set of all linear transformations P of Vg which commute
with a regular semi-linecar transformation T is called the invariant ring of T,
and will be denoted by O(T).

That is: O(T) = {P; PER(V¥), PT=P}.

From Lemma 1.3 it follows immediately that:

CoROLLARY 1.1. If S=P~'TP, PER(Vp) then O(S)=P~'0(T)P.

The main result of [1, Part I] which is fundamental also for the present
paper is the following:

THEOREM 1.1. Let U be a central simple algebra of order n? over C which is
split by F, then there exists a regular semi-linear transformation T of Vg into V
such that U is isomorphic with a subring of O(T). Furthermore, O(T)=AQ D,
where D= {h; hEF, h*=h}.

The proof of this theorem in [1] depends on the fact that R is a field and
V is a vector space over a field. Before proceding with the proof for com-
mutative rings R satisfying the condition stated above, we begin with some
lemmas.
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LeEMMA 1.4. Let R be a primary ring(®) and N a central simple algebra of
order n® over C. If U has a representation in the ring R(V) of linear transforma-
tions of V, then R(V)=A®¢R.

Proof. Let U; be the subring of R(V) which is isomorphic with . Since
9, is a simple ring and finite over C it follows that R(V) =N, @Ry, where Ry
is the centralizer of %; in R(V). Let {a.} be a base of %; and {e;} a base of
R(V) over R; for both bases we have 1=1, 2, - - -, n% Hence,

(1.1) ai = D Taer, ra € R.

Let N, be the radical(®) of ®(V) and let I, be the representation of ¥ in
R(V)/N,=R(V). Clearly, (V) is isomorphic with a complete matrix ring
over the field R=R/N, where N is the radical of R. Since ;= (%, N,)/N,
and A, EN,, it follows that A;#0. Furthermore, (@ RCR(V) and R
C(Ry, N,)/N,. Now, since (U;: C)=R(V): R)=n? and R is a field, we must
have 9, ® R=%(V). Hence, (1.1) yields that d;= Y _7ué and (74) is a regular
matrix of order n% over R. Let (54) = (74)~! and let (s4) be any matrix such
that the elements s; represent the class 54 mod N. Since (5u)(Fa)=1, it
follows that (su)(ra) =1+4n and 7 is a matrix with coefficients in N and,
therefore, it is nilpotent, say #"=0. Then 1+# is regular and its inverse is
1—n+ - - - +(—1)w". Consequently, the matrix (r;) is regular in R. From
this we conclude by (1.1) that the elements of the base {e,-} are linear com-
binations of the elements {a;} with coefficients in R. Hence %@ RDOR(V).
This readily yields that A ® cR=R(V), which proves the lemma.
We shall need also a classical result of Artin [3](%).

LeMMA 1.5. If R is a primary ring then the automorphisms of R(V) which
leave the elements of R invariant are inner.

For completeness sake we outline a proof of this lemma: Let {ca} be
an orthogonal base of R(V), i.e.; cicjr =08kjcix; and let ¢; be the elements cor-
responding to ¢z under a given automorphism. Since R(V) is also primary
one verifies that cunR(V)éu-cuR(V)eu =cuR(V)eu. Hence, c1iR(V)é, contains
a non-nilpotent element a. Since acu1R(V)ey is again a potent two-sided ideal
in cuR(V)en which is a primary ring, it follows that aeuR(V)en =cuR(V)ey.
Thus, there exists b&EéuR(V)en such that ab=c. One then verifies that
the required automorphism is the inner automorphism determined by the
element qg= Z)\ inben, (q—l = Z)\ c;‘lac'n).

(®) A ring R with a unit is said to be a primary ring, if R/N is a field and N is the maximal
nilpotent ideal in R.

() By the radical we mean the maximal nilpotent ideal.

(*) See also, Theorem 3 Chapter 111, p. 59 in the book: N. Jacobson, Structure of rings,
Amer. Math. Soc. Colloquium Publications vol. 37, 1956.
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LemMA 1.6. If A is a central simple algebra of order n? over C, then any two
representations of A in R(V) are similar.

This result is well known for simple or semi-simple ring R%. To prove this
lemma for arbitrary rings R of the type considered in the present section, we
begin with the case where R is a primary ring.

Let A, A be the two representations of A. Thus, A, =A=A. It follows
by the proof of Lemma 1.4 that ,@R=WU @R =NRN(V). Hence, the isomor-
phism between 2(; and 2, can be extended to an automorphism of (V) leav-
ing the elements of R invariant. It follows, therefore, by the preceding lemma
that this automorphism is an inner automorphism. Consequently, the two
representations are similar.

Consider now the general case where R is a commutative ring with an
identity and a radical N such that R/N is a direct sum of a finite number of
fields. Let 1=¢,+ - - - +e, be the decomposition of the unit into a sum of
primitive orthogonal idempotents. Then e;Re; are primary rings with the
radical e;Ne;. By considering R as a subring of (1), we obtain that the e; are
also central idempotents of (V) and that the ¢, 9 (V)e; are isomorphic with
complete matrix rings of order n? over ¢;Re;. Let ;, Ay be two representations
of A in N(V) then, clearly, e.Ase; and e Wse; are two representations of A in
e:N(V)e,. By the first part of the proof, these two representations are similar
in eR(V)e,. That is: eie;=pieoep7! for p,Ee;R(V)e; and p;p7' =e; which
is the unit of eR(V)e; Put p=pi+ - - - +pn then p,pp=0 for ik and
p~l=pr'+ - - - +pn', and it follows readily that pAp~—t=U;. q.e.d.

The preceding method of reducing the general case to the primary one
yields also the following extension of Lemma 1.4.

LEMMA 1.4.% Let U satisfy the condition of Lemma 1.4 and let R be an arbi-
trary ring of the type considered above. If U has a representation Uy in R(V) then
W eR=N(V).

This immediately yields:

COROLLARY 1.2. If Ay, - - -, Anis a C-base of Wy, then it is also an R-base of
R(V).

We can now turn to the proof of Theorem 1.1. The proof runs similarly
to the proof of [1, Theorem 5.3] with Lemma 1.6 replacing [1, Theorem 5.2].
More precisely: since F splits ¥, the latter has a representation ; in R(Vp).
Now, let S be any regular semi-linear transformation of Vr into V, then the
mapping A—AS for ACYU; determines another representation %7 of U in
R(V). It follows, by Lemma 1.6, that AS=P-14P for every 4 €, and some
regular PER(V). Put T=PS, then from Lemma 1.3 we have: AT=pASP-!
=4, for all A€ ;. This means that A, CO(T).

The invariant field D of the theorem clearly belongs to O(T) and by
Corollary 1.2 it follows that %; possesses an R-base of R(V), hence %, ®D
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CO(T). The rest follows now by [1, Lemma 3.3] and [1, Corollary 3.1] which
holds also in our case. We remark that the proof of [1, Lemma 3.3] holds
without any change for the general ring R by noting that if a set of linear
equations with coefficients in F has a unique solution in the ring R (DF)
then this solution is necessarily in F.

Following the notations of [1], we shall say that a semi-linear trans-
formation T represents the central simple algebra ¥ if AR D =0(T).

Further results which will be needed later are:

THEOREM 1.2. If T represents A and S represents B then ARD=BRD if
and only if T=tPSP~! for some regular element t ER and a regular linear trans-
formation PER(VF).

For if A®D=BRD, then O(T) and O(S) are two representations of this
algebra in R(Vp). Hence, P7'O(S)P=0(T) for some regular linear trans-
formation PER(VF). Let S;=P~1SP, then Corollary 1.1 implies that O(S;)
=P~10(S)P=0(T).

A second application of Lemma 1.3 yields that T'=P,S;, where P, is a
regular linear transformation of V, and QT=P,QSPi'. In particular for
Q€O(T)=0(S1), we have Q=P;QPi! which means that P, belongs to the
centralizer of O(T) in R(V). It follows, by Lemma 1.4*, that R is the central-
izer of O(T). Hence, P, =t&R and, therefore, T=1S,=¢tP-1SP.

Let V, be a fixed vector space over the field C such that V=R® ¢V, and
Vr=F®cV,. Let E be the injection of Vy into Vp, then E can be extended
uniquely to a ¢-semi-linear transformation of Vp into V by setting: E(k®u,)
= h*Evo= h*v,, for every hEF and vo& V,. Then, clearly, O(E) is isomorphic
with a complete matrix ring over C. Thus, the last theorem yields:

COROLLARY 1.3. T represents a central simple algebra which is split by D
if and only iof T=tP~'EP,tER, PER(VF) are regular.

The theory of invariant submodules and homomorphic images of regular
semi-linear transformations can be carried over to our case where R is a gen-
eral commutative ring, by a slight change in the definition of invariant sub-
modules; and this we intend to carry out now:

Let Vr be a regular F-subspace of V. An R-subspace W of V is said to be
a regular subspace of V, if W Vp is a regular F-subspace of W. This is
equivalent to saying that WMV contains an F-base vy, - - -, v, such that
W =Ru,® - - - @Ry, In other words: W=RQ z(WNVp).

Let T be a regular semi-linear transformation of Vinto V. An R-subspace
WCV is said to be a (T —) invariant subspace if W is a regular subspace of V
in the preceding sense and T(WN V) CW.

With this definition one can carry the proofs of the results of [1, Lemmas
1.4, 1.5 and 1.6] to the general case after noting the following fact:

LeEMMA 1.7. If W and U are regular subspaces of V then so are W\J U and
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WNU. If w is a homomorphism of V onto W such that the kernel of 7 is a regular
subspace Vo of V then 7 induces a lattice isomorphism between the regular sub-
spaces of V containing V,y and the regular subspaces of W.

The proof of this lemma is very similar to the proof [1, Lemma 1.5] but
one avoids that part of the proof in [1] which deals with the dimensions of
the subspaces of R(5). This is carried out as follows: (WNU)N\Vp is a sub-

space of Vr so let {7}1, ceey, v,} be an F-basis of this subspace. Complete
this base to a base {vl, e U U, e, v.,’} of UNVp and to a base
{vl, R R A v,',,'} of WNVp. Since U and W are regular {vi, v,’}

and {v.-, v}’ } are an R-base of U and W, respectively. The set {v, v/, v”} is
F-independent; for if Y hv+ Y h'v'+ Y h'"v"=0, h, k', k" EF, then w
==Y W' =Y v+ 2 WY S(WNV)N(UNVe)=(WNU)N\ Vg, but {v;}
is a base of the latter; hence &'’ =0 and, consequently, #’ =h=0. Now, Vr is
a regular F-subspace of V, hence {v, v, ‘v”} are also R-independent. Let
weEWNU, then w= Zr,’ui-l— Zr{v{ and w= Zsivi+ Er{ vl sy vy i, vl
&R, and, therefore, we have r;=s; and ! =7/’ =0. From this it {ollows
readily that [((WNU)NVe]®R=WNU which means that WNU is a regu-
lar subspace of V. Furthermore, the set {v, v, v’ } is an R-base of W\J U and,
clearly, it is also an F-base of (WNV)\U(UNVp) which is contained in
(WU U)N\Vp. Complete it to an F-base of Vp which is necessarily also a base
of V. If w&€(W\JU)N\Vp, then it follows that w= er-l— Zr’v’-l— Zr”v",
r, 7, ¥ ER and it can also be expressed as a linear combination of {v, v, v"}
and other R-independent elements with coefficients in F. Hence, necessarily
7, ¢', v €F. This means that W\U U is also a regular subspace of V. The rest
of the lemma follows similarly.

With these results we can carry over all the rest of part I of [1]. In par-
ticular for later references we quote the following theorems which are equiva-
lent to [1, Theorem 5.8] and [1, Theorem 5.6]:

THEOREM 1.3. Let T represent a central simple algebra and let M: V—W be
a homomorphism of V onto W such that MT =SM for some reguiar semi-linear
transformation S of W, then O(T) and O(S) are similar algebras in the sense of
Brauer(®).

THEOREM 1.4. If T represents a central simple algebra W in V and S repre-
sents a central simple algebra B in W, then T® S is a regular semi-linear trans-
formation in VQ@rW and it represents AQVB. Actually, we have O(T) @ O(S)
=0(T®S).

We recall that T® S was defined by the relation (T'®S)(v®w) = Tv @ Sw
for v&E Vy, wE Wp.

() R=Fin [t1].
(®) Two central simple algebras % and 8B over C are said to be similar if A=E,, B=E,, for
some central simple algebra €.
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2. Double modules and semi-linear transformations. In [1] we gave a
characterisation for a semi-linear transformation to represent a central
simple algebra. We follow here a different and more applicable approach.
This approach utilises the notions of double modules and relatively cyclic
double modules as introduced by Hochschild [5] and later developed for a
more general case by Nakayama [12]. In the present paper we shall follow
the method of Nakayama, and we recall the following notations and defini-
tions of [12] with some slight changes.

Let S be a ring and let I be an S-bimodule; i.e., M is both a right and
left S-module and (sym)s: =s1(ms.) for mEM, 5;ES. By a homomorphism of
an S-bimodule I we shall mean a homomorphism of 9 onto an S-bimodule
which preserves the operators of .S both on the right and on the left.

By a relatively cyclic S-bimodule we mean a pair (IR, A) consisting of an
S-bimodule M and an element A EM. A relatively cyclic bimodule (¢, 4)
is said to cover (N, B), which is denoted by (M, 4) = (N, B), if there exists a
homomorphism ¢: M—N of M onto N such that ¢(4) =B.

The sum and the product of two relatively cyclic S-bimodules (I, 4)
and (N, B) are defined as follows:

M A+ RB =N, 4 B),
M, A)N,B) = MO:sN, 4 ® B)

where the product MA@ MN is taken relatively to S; i.e., m@Pn=mP Qn for
meEM, nEN and PES.

A relatively cyclic bimodule (I, 4) is said to be regular if:

(2.1) As=0, s&S implies s=0

(2.2) The module SA.S has a left S-base consisting of elements of the form
sid, s;ES.

That is, SAS= Zs.-AS, and the sum is direct.

The relatively cyclic bimodule (I, A4) is said to be closed if (I, A)
= (M, A)(M, A4).

Let & denote the set of all ¢-semi-linear transformations of Vg into V.
We shall consider the set € as an 3(Vr)-bimodule with the multiplication by
elements of ®(Vr) being defined in the usual way of product of transforma-
tions. Thatis: (TP)v = T(Pv) and (PT)v=P(Tv) for ally& Vi, and PER( V).
Clearly, PT, TPCR.

We note also that the fact that PER(Vr) was used only in the definition
of TP, whereas PT may be defined for all PER(V). Hence L is also a left
R(V)-module.

For the rest of this paper we shall denote by R the ring R=F® gF. This ring
contains two isomorphic images of F; the first, is the set of all elements
{h®1; hEF} and the second is the set {1®h; hEF}. We identify, hence-
forth, the elements k®1 with F, and thus F is assumed to be a subfield of R.
We shall put s*=1Q@h. Clearly, ¢ is an isomorphism of F into R. Further-
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more, h*=h if and only if 1®k2=h®1=h, which is equivalent to 2&C. In
other words, C is the invariant field of ¢. All semi-linear transformations
considered henceforth will be ¢-semi-linear transformations.

The main object of the present section is to show:

THEOREM 2.1. A regular semi-linear transformation TE L represents a
central simple algebra if and only if the relatively cyclic bimodule (&, T) 1s
closed.

We begin with some lemmas.

LEMMA 2.1. Let {h} be a base of F over C, then the set {h} is both a right
and a left base of R(V) over R(VF).

This lemma is an immediate consequence of the following relation:
RV)=RQrR(Vr) = (FQcF) ®r R(Vr) = F* Q¢ R(Vr).

LeMMA 2.2. If T is a regular semi-linear transformation of Vg into V then
(&, T) is a regular relatively cyclic R(Vr)-bimodule.

For, let PER(VF) such that TP =0, then TPyv=0 for all ¥& Vp. Since T
is regular, it follows that Pv =0, i.e., P =0, which proves (2.1). To prove (2.2),
we observe that Lemma 1.3 implies that any semi-linear transformation
SEQ has the form S=PT with PER(V) uniquely determined. By the previ-
ous lemma, wehave: P= D> P;i¢, P;&ER(Vr). Hence, S= D P;h¢ T= Y P;Th;.
Furthermore, this representation is unique, since if » P;Th;=0, then
(X_P;h$)T=0; but T is regular, hence Y P;h¢ =0, which yields P;=0. This
proves that =R(Ve) TR(Ve) =R(Vp)TF and that (8, T) satisfies (2.2).

In particular, the preceding proof shows that

COROLLARY 2.1. If T is regular and the set {h;} is a base of F over C then
{ Th:} is a left base of R over R(Vr).

We are now in a position to prove Theorem 2.1. The proof follows very
closely Nakayama’s proof of [12, Proposition 10].

For any PER(VF), we have by the previous corollary that TP = > P;Th;,
P,eR(Vr). We set: f;(P)=P;. Thus, f; is an additive endomorphism of
R(VF) into itself.

Let ({, T) be closed, then there exists a homomorphism p: (8, T)—(8®L,
T® T) such that p(T)=TQ® T. We recall that the Kronecker product ®§
is taken with respect to R(Vr) so that S;P®S,;=S;®PS; for S:& and
PER(VE).

Let PER(VF) then TP = Y fi(P)Th; yields:

o(TP) = p(THP=(TRQT)P=TQ®TP
(2.3) = T® L fi(P)Thi= X Tfi(P) ® Th;
Z; Fifi(P) Thi ® Th;.
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On the other hand:
p(TP) = p( 2 fi(P)Thj) = 2 fi(P)p(T)k;
(2.4 = ZH(P)T ® Thy = 3 f{(P)f(1)Th: ® Th;.

Clearly, Th;® Th; form a left base of @& over R(VF); hence it follows
from (2.3) and (2.4) that

fi(fi(P)) = fi(P)f:(1) for all 4, j.
From this we conclude that:

Tf(P) = Zfi(fi(P))Thi = Zfi(P)fi(l)Thi = fi(P)T.

Thus, we have: f;(P)T=f;j(P), i.e., f;(P)EO(T).

Furthermore, for every PER(Vyp): TP = Ef,»(P) Th;= TZf,-(P)h,-. Hence,
the regularity of T implies that P= Y _f;(P)h; Note also that the set {&;} is
also independent over O(T), for if . A;k;=0, A;€0(T) then TZAjhj
= > A;Th;=0. But { Thj} is a base over R(VF), hence 4;=0.

From this it follows that O(T)F=0(T)®c¢F and that O(T)F=R(Vr).
This implies that O(T) is a central simple algebra of order n? over C which is
split by F;i.e., T represents the central simple algebra O(T).

Conversely, let T represent a central simple algebra % and we may as-
sume that A =0(T)CR(V). Since F belongs to the centralizer of % in R(V)
and F splits ¥, it follows that A @ cF =R (V). Hence, R(V)=ARR= (AR F)
QF*=N(Vr)® F¢. This yields readily that R(V)=XR(Vr) @ 4R (VF), since
R(Ve)XR(Vpe) =ARF* and, therefore, R(Vp) @sR(Ves)=R(V5) Q F*
=R(V).

We also have: (8 T)=(R(Vr)TF, T) and this bimodule is isomorphic
with R(Vr)®4NR(Vr) by the correspondence generated by mapping:
T—1®1. Since A=0(T) is the set of all elements which commute with T,
it follows that R=R(Vp)TUARF)=R(Ve) TR(VF). Clearly, this isomor-
phism is an R(Vr) —R(Vr) isomorphism. Hence, the relatively cyclic bi-
modules (8, T) and (R(Vr) @aNR(Vr), 1®1) are isomorphic. The latter is
known to be closed (e.g., by [12, Proposition 9] and [12, Main Theorem]);
hence (8, T) is also closed.

3. Closure of (8, T). We recall that (, T) is closed if there exists an
R(Vr) —R(Vr) homomorphism of (8, T) into (R®L, T'®T) which maps T
onto T® T. In the present section we provide a necessary and sufficient con-
dition for the closure of (¥, T).

To this end we consider the triple product F*=FQ®¢FQ®cF. As in the
preceding section we assume that FCF*CF? by identifying F with F®1
={h®1, hEF} and by identifying the set F? with F2®1. We shall deal with
the following isomorphisms:
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¢: F—>1QF; h* =1 Q@ hforevery h € F,

3.1
3.1 YV:F—>1Q01Q F; W=1Q1Q@ hforhEF

and the isomorphisms:

a:FQF—>1Q® FQ® Fdefinedbythe (A Q@ k)*=1Q h ® k = hk?,
B:FQF—>F®1QFdefinedby (A:Q kF=E®1Q k= hk'.

Note that ap =8¢ =y and that the restriction of a to F is ¢.
Let V, be a vector space of dimension # over the field C. We shall need
the following spaces and modules:

(i) Ve=F QcVy
(3.3) (ii) Ve =F*QcVo=F*Q®rVr=F*Q®cVr,
({ii) Vi = F3 Q¢ Vo= F* Qr Vi = F? Q2 Vp
For v& V,y and & F?® we shall set rv=7rQ®u. Similarly we put 1@k ®/Quv
= hkelv for h, k, IEF.

Each of the relations of (3.3) yield the following relations between the
respective rings of endomorphisms:

(i) RVr) =F Qc R(Vo),
(3.4) (1) RWVe) = F2Qc R(Vo) = F2 @r R(Vr),
(i) RVF) = FEQ@c RV = F* Qr R(Vr) = F* @ R(Vs).
Since F2= FF? and F3= FF*F¥ = F?F¥ it follows by (3.41i) and (3.41ii) that

(i) RV = F* Qc R(Vr),
(i) R(Ve) = FOFY @c R(Vr) = F** @c R(Vr) = F¥ @c R(Vr).

With each of the isomorphisms of (3.1) and (3.2) we associate the follow-
ing four bimodules of semi-linear transformations:

L=8,: the R(Vr) bimodule of all #-semi-linear transformations of Vr into
Ve

2y: the N(Vr) bimodule of all Y-semi-linear transformations of Vr into
Vs

2.: the R(Vr?) bimodule of all a-semi-linear transformations of Vg?into
Ve

Ls: the R(Vp?) bimodule of all B-semi-linear transformations of Vp?into
Vs

Each of the bimodules &,, ¥ =¢, ¥, a, B contains a regular y-semi-linear
transformation E, which is the unique extension of the injection of V, into
the respective space Vpi. Namely, if 9, - - -, v, is a C-base of V, then

3.2)

3.5)

3.6) E.,(Z rvg) = E rZ'v;.
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For further reference we observe that any y-semi-linear transformation is
uniquely determined by its effect on V.

LEMMA 3.1. Let T be a regular vy-semi-linear transformation and {h;} be a
C-base of F, then

(1) for y=4¢, the set { Th} is a left R(Vr)-base of L;

(2) for y=y, the set {h¢Th;} is a left R(Vr)-base of 2;

(3) for y=a, the set { Thiht} is a left R(V)-base of L.

Proof. It follows by Lemma 1.3 that =R(Ve)T=[R(Vr) QcF*|T
=R(Ve) TR F=R(VF)TF from which one readily derives (1). Similarly (2)
and (3) follows from the following relations:

& = RVHT = [R(Vr) @c FPFY]T = R(Vr) ®c F*TF.
L = RVAT = [R(Vr) ®c (F)]T = R(Vr) @ TF2 = R(Vs) TF2

We shall need also the following simple properties of the transformations
E,:

’ (1) E.E, = E,.
3.7) (i) R(Vo) S O(E,) fory = ¢, a;i.e.,, PE, = E,Pfor P & R(V,).
(iii) R(Vr) € O(E,) fory = ¢, B.

Let SE%,, then the mapping S*=a®S: Vpt— Vg defined by

(3.8) S*(r®v) = (a® S)(r ® v) = r2Sy,r € F? and v € Vp

is a well defined a-semi-linear transformation of Vg2 into V. Actually, S
is uniquely determined by the property that its restriction to Vp is S. In-
deed, if there exists a unique a-semi-linear transformation S’ which has the
same effect on V, as S, then since the restriction of a to F is ¢, it follows
immediately that S’ and S have also the same effect on Vp; hence, clearly
S’ is the a-semi-linear transformation S« which satisfies (3.8).

It follows readily from the last property of S that:

LeMMA 3.2. The mapping S—S is an R(Vr) —R(Vr) isomorphism of 2
into L.

Consider now the product £, ® rv . We show:

LeMMmA 3.3. The mapping p: SQ T—S*T, S, TR, determines an R(Vy)
—R(VF) isomorphism of L QL onto L.

Proof. Since T: Vy— Vg2 and S: Ver— V5, it follows that ST is a well
defined homomorphism of Vp into Vg2 Furthermore, SeTE%,, since

SeThy = S*h¢Ty = h*¢SeTy = WS2Tvfor h € F and v € Vp.
The mapping p is defined as p(D_S:® T:) = D_ST;, and to prove that p
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is a well defined additive homomorphism of £, ®%; into &y, it suffices to show
that if a relation »_.S;® T;=0 holds in 2, ®%, then the p-image of this ele-
ment in & is also zero. Indeed, let ES.@ T;=0, then it follows, by Lemma
3.1, that T;= Zk PyEshy, P& ER(Vp) and where {hk} is a base of F over
C and E, is the ¢-semi-linear transformation defined in (3.6). Thus:

(39) ZS,@ Ti= ZSi®P,~kE¢hk= E(Z S,'Pik>®E¢]lk=0
[} 1k k %
since the tensor product is taken with respect to R(Vr). Again, by Lemma
3.1 it follows that {E¢hk} is an R(Vr)-base of &; hence, it follows by (3.9)
that »_; S;Pux=0 for all k.
Consequently it follows by Lemma 3.2 that:

(3 S:®@T) =Y SiT: = Y SiPuEshy = Z( > sip,-k) Eghy = 0
1k k [
which proves that p(2.S:® T,) =0 if »_S;® T:=0.
The map p preserves also right and left multiplications by elements of

R(Vr). Indeed, for PER(VF), S and TEL,, we have:
p[(S ® T)P] = p(S ® TP) = S*(TP) = (S*T)P = [p(S ® T)]P,
p[P(S® T)] = p(PS ® T) = (PS)*T = P(S°T) = P[p(S ® T)].

To prove that p is an isomorphism, it suffices to show that p induces a
one-to-one correspondence between a left R(Vrp)-base of L, ®%L; and a left
R(Vr)-base of &.

From Lemma 3.1 we know that { E;k,} is a left %(Vr)-base of %; hence,
since N(Vp) is a finite dimensional simple ring, it follows that the set
{Esh; ® Eyh;} is a left R(Vr)-base of 2, ®%,.

For every v&V,, EjEw=Eyw=v which implies that both EZE, and E,
have the same effect on Vo. Hence, E, = EZE,. It follows now that:

a ¢_a ?
p(Esh; ® Eyhj) = (Eyhi) (Esh;) = hiEyEyh; = hiEyh;,

and from Lemma 3.2 it follows that the set {hf’E,,hj} is a left N(Vp)-base of
{,. This completes the proof of the lemma.

We turn now to a different method of turning ¢-semi-linear transforma-
tions into yY-semi-linear transformations:

LemMMA 3.4. If TEQ then TP =E;T is a Y-semi-linear transformation of
Vi into V*; and the mapping a: T—TP is an R(Vp) —R(Vy) isomorphism of
R, into L.

Proof. Since T: Vp— V2 and Eg: Vpr— Vet it follows that EST is a well
defined homomorphism of Vp into Vg Moreover, for AEF and v&E Vp we
have
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T6(hw) = EsT(hv) = Esh*Tv = W4EsTo = WT%

since ¢ =py. This proves that TEY,.

Clearly, (T4+S)#=T#+Sf and (TP)?=T*P for PER(VF). To prove that
(PT)?=PT*? we apply (3.7iii)) and we obtain that (PT)f=EsPT=PE;T
=PT5

One readily verifies by the regularity of Eg that T =0 if and only if T'=0,
and the proof of the lemma is completed.

We are now in position to give a criterion for the closure of the relatively
cyclic bimodule (2, T).

The main result of the present section is the following:

THEOREM 3.1. Let T be a ¢-regular semi-linear transformation of Vg into
Ve, then (Ly, T) ts closed if and only if T satisfies the condition:

(3.10) TT = tT? for some regular element t & F3,

Proof. T is closed if and only if there exists an R(Vr) —R(Vr) homomor-
phism 6: (%, T)—> (2%, T®T), 6(T)=TQ®T. Now, Lemma 3.4 yields an
R(Ve) —R(Vr) isomorphism o of ¥ into . Put o(2,) == {T%; TEY,}
C%. In Lemma 3.3 we have another R(Vy)—R(Vp) isomorphism
p: (%@, T®T)—(Ry, T2T). Thus, the problem of the closure of (,T)
reduces to the problem of determining an R(Vr) —R(Vr) homomorphism
7: (85, T9)—(Qy, T°T) such that 7(T¥) = T=T.

Our theorem will follow by showing that the R(Vy) —R(Vr) homomor-
phisms of £ into ¢, are left multiplications by elements ¢& F?.

Indeed, let 7: 5—8, be an R(Vr) —R(Vr) homomorphism. Let {v,—} be
the fixed base of V,. Consider the linear transformations E zER(Vps) de-
fined by: Euv;=v:6;; where §;; is the Kronecker §. One readily verifies, by
standard methods, that the linear transformations of Vps which commute
with all E; are the elements ¢& F? i.e., the linear transformations: v—i#v,
v& V. Note also that ExER(V,), hence E4E,=E,E; for y=¢, Y, @ and B.

First we observe that ¢(E;) = EgE; = E,, since both are y-semi-linear trans-
formation with the same effect on V. From Lemma 1.3 it follows that
L = R(Vm)E,; hence, since 7(Ey) € &, we have: 7(E;) = PE,;, where
PER(Vrs). Now 7 is an R(Vr) —R(Vr) homomorphism; hence:

T(EwEik) = T(Ew)E,k = PE‘pE,'k = PE,‘kE,p.
On the other hand,
T(Ec'lcEw) = E;’kT(E¢) = E.‘kPE‘p.

Thus, the relation EyEy,=EyE; yields (ExP —PEy)E,=0. Since Ey is a
regular Y-linear transformation, it follows that E ;P = PE for all ¢, k. Hence,
P=t&Fs.

The general y-semi-linear transformation A€ has, in view of Lemma
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3.1, the form Sf= (Y _P.E,h.)f = Y P.Esh;= Y P.Esh;, where P;ER(Vr) and
{h;} is a base of F over C. Hence,

7(S) = 2 Pia(Ey)h; = Y, PiEyh; = 1Y, P;Eyh; = 1S.

This shows that 7 is obtained by multiplying the elements of 5 on the left
by an element {E F3.

The converse, namely that the mapping S#—tS¥, for some fixed tE F3, is
an R(Vr) —R(Vr) homomorphism of & into &, is readily verified.

From the result obtained so far, we see that (%, T) is closed if and only
if 7(T#) = T*T for some homomorphism 7: ¥—%,—and this has been shown
to be equivalent to the fact that T*T =¢T*® for some ¢t E F3, i.e., condition (3.10).

It remains only to show that ¢ is necessarily a regular element in F3. In-
deed, it is not difficult to show that the regularity of T implies that T=T is
also a regular y-semi-linear transformation, and so is T%. It follows now im-
mediately by Lemma 1.3 that ¢ is a regular linear transformation in R(V),
which is equivalent to the fact that ¢ is regular in F3.

We wish to replace condition (3.10) by a more applicable condition on
linear transformation. To this end we observe that (3.4) imply that the
isomorphisms ¢, « and 8 can be extended uniquely to isomorphism of R(Vr)
and R( V), respectively, which will leave the elements of R(V,) invariant.
We shall use the same notations ¢, @ and 8 for the extended isomorphisms.
More precisely, if {h,} is a C-base of F then every PER(VF) can be written
uniquely (in view of (3.4i)) in the form P= D> kP!, P)ER(Vy), then

(3.11) G P =3 1P
and ¢ is an isomorphism of R(V5) into RN( V). Similarly for PER(V ) then
P=Yhh P, PLER(V,), by (3.4ii), and we have
. o« é,8_0
(ll) P = Z hithij,
v v_0
(lll) P = Z h,‘th,'j.
Our new criterion for the closure of (2, T) is the following:

THEOREM 3.2. Let P be a regular linear transformation of Vi, then the
P-semi-linear transformation T'=PE, represents a simple algebra if and only if
P satisfies the condition;

3.12) PP = P8 for some regular t © F3.
Proof. It follows readily by (3.7ii) and (3.11) that E,P=P"E, for v
=¢, a, 8. Hence:

T°T = (PE,)"PE, = PE,PE, = PP"E,E, = PP"E,.
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On the other hand, it follows by (3.4) that
T¢ = E4(PE,) = PE;E, = PPE,.

Since one readily verifies that E§=E,, as two a-semi-linear transformations
with the same effect on V, and the same reason vyields that E3E,
=EgE,=E,. The regularity of E, implies now immediately that (3.9) and
the condition of our theorem are equivalent.

For further applications we need also a condition for a linear transforma-
tion P satisfying (3.12) to represent the complete matrix ring C,.

THEOREM 3.3. For a regular tinear transformation PER(V?), the ¢-
semi-linear transformation PE, represents the matrix ring, if and only if:

(3.13) P = rQ71Q¢ for some regular r € F? and Q € R(Vr).

Proof. One readily verifies that O(E;)=2C,; i.e., E4 represents C,. If PE,
represents C, then O(E,)=~O0(PE,)=C,; hence, Corollary 1.2 yields that
PE,=rQ'E,Q=rQ'Q%E,, which is equivalent to P=rQ~1Q% The converse
follows by the same corollary.

More generally, Corollary 1.2 yields in a similar way:

THEOREM 3.4. Two ¢-semi-linear transformations PEy and P:E4 represent
isomorphic algebras, if and only if:

(3.14) Py = rQ=1PQ% for some regular r € F?, Q & R(Vr).

4. The space F®K. Let K be an algebraic extension of C of degree .
We consider K as a C-vector space of dimension # and we apply the result of
the preceding section with the space Vo=K. Since K is a ring, the spaces
Kr=FQK,Kpr=F2Q@K and K= F}*QK are also associative rings(?) and we
shall use this additional property to obtain a special form of the linear trans-
formations P which satisfy (3.12). The multiplication in the ring Kr will
then be used to obtain a representation of the Brauer group of algebras which
are split both by F and K. The context of the present section follows closely
the result obtained in [2, §3], which covers a special case of the results ob-
tained here.

We shall identify the element 1®%, k&K, with the element 2 and we
shall write rk=r®Fk for rE F? and kEK.

For a fixed a € Kr the mapping: m—am, m € K r, where the multiplication
am is the multiplication of two elements in the ring K, determines a linear
transformation of the space Kp. In particular, multiplications by elements
of the field K is a field isomorphic with K. We shall denote this field by K™.

Let A be a central simple algebra of order n? over C which is split by F
and which contains the field K as a maximal commutative field. Since

(") All tensor products which will be used henceforth will be relative to C unless stated
otherwise.



90 S. A. AMITSUR [January

(Kp; F)=mn, it follows by Theorem 1.1 that 9 can be represented by a ¢-
semi-linear transformation T of Kp into Kg, i.e., A=0(T). Hence, O(T)
contains a field K, isomorphic with K. Thus, K, and the field K™, which
was defined above, are two isomorphic subfields of R(Kr). This isomorphism
can be extended to an inner isomorphism of R(Kr). That is: K™= P~1K,P for
some regular PER(Kr). By considering the ¢-semi-linear transformation
To=P-'TP, we obtain O(T,) =P~ 'O(T)P. Hence O(Ty) 2P 'K,P=K". We
shall, henceforth, identify the field K™ with K.

In view of this result, whenever we shall deal, henceforth, with a central
simple algebra ¥ of order #? over C containing a field isomorphic with K,
we may assume that ¥ is a ring of linear transformations of Kr represented
by a ¢-semi-linear transformation T, and that ¥ contains the field K.

Since the elements of the rings K, Kr, K¢* appear in the proofs of the
present section both as vectors of a space and as linear transformations on
the same space, we shall write T(k) or P(k) (instead of Tk, Pk) to mean the
image of the vector k under the transformation T or P; and we shall leave
the notations Tk, Pk for the product of the linear transformation T and &,
or P and k.

LeEMMA 4.1. Let T be a ¢-semi-linear transformation of Kp into Kp. If
O(T)2DK, then T is uniquely determined by the element T(1)=T(1®1)&EKr.
Furthermore, T s regular if and only if T(1) is a regular element of K.

Proof. Since k€K CO(T), it follows that kT=Tk. Now T(k)=T(k-1)
=Tk(1)=kT(1). Now, E, was a ¢-semi-linear transformation defined so that
E4(k) =Fk for all kE V=K ; hence, both T(1)E; and T are ¢-semi-linear trans-
formations with the same effect on K. Consequently, T'=T(1)E,.

In view of the last lemma, we associate the element a = T(1) E K p? to any
central simple algebra ¥ represented in Kr by a semi-linear transformation
T. Thus, we can restate Theorems 3.2, 3.3 and 3.4 in the following way:

THEOREM 4.1. The correspondence A —a satisfies the following conditions:
(1) a€EF2QK =Kp? represents an algebra A, if and only if a satisfies:

4.1) aa® = taP for some regular element t < F3.

(2) The elements a, b represent isomorphic algebras, if and only if one of
them satisfies (4.1) and:

(4.2) a = rq'q*b for some regular elemenis g E F @ K, r & F*.
(3) The element a represents the matrix ring C., if and only if:
(4.3) a=1rq"% qEFQ®K and r & F%.

REMARK 4.1. For further applications, we obtain by (3.1) the following
explicit forms of the isomorphisms ¢, o, 8 of Kr and Kp?: The isomorphism ¢
is determined by the relation (hQk)*=1QhQk=h%k, hEF and k€ K. Sim-
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ilarly @ and B are determined by the conditions (5, @4 Qk)*=1Qh Qh®k
=h{hk and (M ®@he k)P = @1 Qh @k = hi k.

Clearly, (4.1) is equivalent to (3.12). To prove that (4.2) is equivalent to
(3.14), one has to show that if T=aE, and S=0E; satisfy the relation T
=rQ~1SQ, r&EF? QER(KF) of Corollary 1.2—then Q can be taken to be
an element ¢E K, i.e., the linear transformation Q of Kr is multiplication
by an element ¢q of Kp.

Indeed, since T=rQ~'SQ, it follows by Corollary 1.1 that O(T) = Q—10(S)Q.
Both O(T) and O(S) contain K; hence, O(T) contains K and the field Q—1KQ.
The isomorphism between K and Q—'K(Q can be extended to an inner auto-
morphism iz O(T), since O(T) is a central simple algebra of finite dimension.
Thus Q-'kQ =P~ 'kP for some PEO(T). Consequently, (QP~')k=Fk(QP1)
for all kEKp. But K is a maximal field in (K r), hence it is its own central-
izer in R(Kr). Consequently, the last relation yields that QP~'=gq for some
g&€EKp. Hence, QTQ'=q(PTPV)q '=qTq™ !, since PEO(T). This yields
T=rQ-'SQ =rq—'Sq, which proves our assertion.

We follow now the proofs of [2, Theorem 3.1] and [2, Theorem 3.2], and
we obtain the following representation of the Brauer group of algebras which
are split both by F and K.

We recall that two central simple algebras % and B over C of finite di-
mension are said to be similar (denoted by A~%B) if A,,=2B. for some integers
m, r, where ¥U,, denotes the complete matrix ring of order m? over 9 and B,
has a similar meaning. The set of all central simple algebras of finite dimen-
sion form a group with respect to the relation of similarity and the Kronecker
product ®. The subset of all central algebras which are split both by K and
F form a subgroup, which we shall denote by 8(K, F). The group of all
algebras split by F, i.e. the Brauer group of algebras, will be denoted by B(F).

Now the set Z of all regular elements of F2Q K which satisfy (4.1) is
readily seen to form a multiplicative subgroup of the group of all regular
elements of F2 The set ® of all elements of F2® K satisfying (4.3) is, clearly,
a subgroup of Z. The main result of the present section is:

THEOREM 4.2. The Brauer group B(K, F) is isomorphic with Z/®.

We begin with the proof of a lemma which is a generalization of [1,
Theorem 3.1];

LEMMA 4.2. Let M: Kt @ K p*— K p* denote the multiplication of Kp, i.e.,
M(a:1®as) =a102; and let aEy, bEy be two ¢-semi-linear transformations of Kp
into Kpb. Then M satisfies the relation M(aE,Q@bE,) = (ab) E;M.

Indeed, aE,®bE; is a ¢-semi-linear transformation of Kr® Kr and for
ki, k;€EKF we have:

M(aE.,. ® bE.;,)(k, ® kj) = M(aE¢(k,-) ® bE¢(k,)) = M(ak.' ® bk,'),
= dk,'bkj = (ab)(k.k,) = (ab)E¢(k.k,) = dbE¢M(ki ® kj),
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which clearly yields the lemma.

We turn now to the proof of Theorem 4.2:

If A is a central simple algebra split by K, then it is well known that U
is similar to a central simple algebra %, of order #? containing K as a maximal
field; and all algebras similar to 9 and which are of order #? are isomorphic.
Thus, we may assume that the elements of B(K, F) are subalgebras of
R(Kr) and by Theorem 4.1 we may associate an element e € F?® K with
such an algebra.

Conditions (4.1) and (4.2) imply that this mapping is a one-to-one cor-
respondence between B(K, F) and Z/®. To prove that this correspondence
is an isomorphism, we consider two algebras A, BEB(K, F) and the elements
a, bEZ corresponding to them. In other words: let aE; and bE, represent ¥
and B, respectively, in Kr. It follows, by Theorem 1.4, that A® B is repre-
sented by ¢ E,®bE, in Kr® K r, and the preceding lemma, in view of Theorem
1.3, implies that (ab)E, represents an algebra € similar to A®%B. In other
words, this means that: A ® B—ab, which proves the isomorphism.

I1

5. Cohomology groups for arbitrary fields. Let .S, R be two commutative
algebras over the field C. All tensor products used, henceforth, will be prod-
ucts relative to this field C unless specified otherwise.

We set R°=C, R"=R®RQ® - - - QR (n-terms). Consider the isomor-
phism eg,, of the ring R*"® S into the ring R**'®.S defined by

(5.1) e.0(5) =1®s, esnr®s)=7r®1Qs, rE R*and s ES.

In the notations of the preceding section, €s,, is the injection of R*® S into
R+1®S.

We shall denote by (R*®S)* the multiplicative group of all regular ele-
ments of the ring R*® S, and we shall consider this group as a J-group, where
the integers J act on the group in the ordinary way of taking powers of ele-
ments. Note also that since €g,, is an isomorphism, it induces an isomorphism
of the multiplicative group (R*®S)* into (R*"*1®S)*.

Let @, be the sequence of the groups { S*, (R®S)*, - - -, (R*®S)*, - - - }.
We shall turn the sequence @¢ into a J-cochain complex by introducing in
@ a derivation mapping Ag,.: (R*"®S)*—(R"*'®.5)* such that Ag,.1A5,,=0.

To this end we consider the sequence of sequences of groups €,
={[R"®(R'®S)]*,n=0,1, - - - }. Toeach of these sequences €;we associate
the inclusion mappings €r‘gs,», in which .S of definition (5.1) is replaced by
Ri®S.

Clearly for every 1=n, €rigs,.—i maps R*®.JS into R***'®S since R"#
®(RiI®S)=R"®S, but

5.2 rigsnifn ® - - Q@r® -1 Q5
' =® ®r®le®rn® - Qrn®s
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and we define the derivation Ag,, by induction as follows(8):
(53) AS,O = €5,0 and As,n = €S,n — AR@S.n—l-

The induction is based on the fact that Ag,,—; is defined for all rings. A
straight forward computation shows that:

n

(5.4) Asn = €50 — €r@sm1+ - + (—Derres,0 = O (— 1)ieri@s.ni.

=0

We now prove

THEOREM 5.1. The sequence

(5.5 S*-A—‘;(R®S)*ﬂ --~—>(R"®S)"‘£'>l .

where A, =Ag,. is a J-cochain complex, i.e., A 1A, =0.
Proof. First we show that

(a) €3,n+188,n + Asnt1€5,n = €3,041€8,n-

Indeed, it follows by (5.2) that eg,n11€r'®8,n—i =€r* @8, (ni1)—(i+1)€8,n SINCE
both yield the isomorphism:

m®: - ®rn® - Qri®s
—-1®7n® - ®r1®1®rn® - Qrn®s.
Hence, we obtain by (5.4) that

n n+1
€snt188.0 + Asnpiesn = O (— Dies niieriosn—i + 2 (—1)Hlerigs np1—i€s.n
=0 =0
n n+1
= Z €RtQS,n—i€S,n T Z (—1)%erigs nt1—i€s,n
=0 1=0

= €S,n+1€8,n, q.e.d.

Next we show by induction that Ag,.+145,,=0 for all #=0 and all rings
S. Indeed for n=0:

Ag,1As,0 = (€s,1 — €r@s.,0)€s.0 = 0

since both eg,1 and ergs,o induce the same mappings on the elements eg o(s)
=1Q®s, sES.
Suppose Ag,,As,»—1 =0 for all rings .S, then it follows by (5.4) and (a) that:

0 = AresnAr@s.n—1 = (€s,nt1 — As,nt1)(€s,n — Ag,n)

= €S,n+1€S,n — AS.n-i-leS.n - e;S'.n+1AS.n + AS,n+1AS,n = AS,n+1AS,n; q-e-d-

(%) Since the groups of the complex C, are multiplicative groups, this definition means
that: Ag.(a) = e€s.n(@)Ar@S.n1(a) L
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We shall denote the complex defined in (5.5) by €(S, R).

REMARK 5.1. Clearly the preceding theorem remains true if one replaces
the ring S by a multiplicative group G and (R*"®S)* by the R"*XG where X
denotes the direct product of groups.

We shall apply the preceding results to the case S=K is a field exten-
sion of C of degree n, and where R=F is an arbitrary field extension of C.
In this setting we obtain the complex C€(K, F):

(5.6a) K*—(F@K)*— = (Fr @ K)*— - - - .

Taking S=C, we obtain the complex €(C, F) which we simply denote by
@©(F). In this complex we may set instead of the elements of C=.S theunit,
since the tensor product is relative to C. We thus obtain the following com-
plex:

(5.6b) C* 5 F* S F2 5 ... s Frk 5 ...,

Actually, the complex C(F) is a subcomplex of €(K, F). Indeed, the groups
(F*®K)* of €(K, F) contain the respective group F** of ¢(F); and the re-
striction of Ak,, to F** is exactly A¢ ,. Consequently, these two complexes
yield the following quotient complex €(K, F)/C(F):

(5.6¢) K*/C* — (F @ K)*/F* — - - - — (F» @ K)*/Fr* — - - - .

We shall denote the derivation of this complex by A,.

To these complexes, there corresponds the sequence of cohomological
groups H*(e(K, F)), H*(C(F)) and H"(€(K, F)/C(F)). The cohomology
groups I"(-) being defined as:

(5.7 H"(-) = Kernel A,;1/Image A,, n=201,---

where A, =Axg », Ac n, -An, respectively(®).
The results of the first part of this paper yield an interpretation of the
first cohomology group of the quotient complex €(K, F)/€(F). Namely,

THEOREM 5.2. If K is a finite algebraic extension of the field C, then the
Brauer group B(K, F) of all central simple algebras split both by K and by F
is isomorphic with H'(@(K, F)/e(F)).

Proof. To determine the first cohomology group of this complex we begin
with comparing the mappings e defined in the beginning of this section with
the isomorphisms «, 8 and ¢ of Remark 4.1, which were used in the preceding
section.

Comparing (5.2) with Remark 4.1 we observe that since ex(k®Fk)
=h®1®Fkand ergk,o(hQk) =1Qh®Fk for hEF, k& K, we have the following:

(%) We use this definition for H»(+) and not the classical definition of Kernel A,/ImageAn_
for obvious reasons which will be seen later.
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(5.8a) ergk,0 = ¢ and ex,; is the injection of F ® K into F? ® K.
Similarly, one observes that
(5.8b) er’gr.,0 = @;ergr,1 = B and ek, is the injection of F2 @ K into F3 ® K.

We turn now to the proof of the theorem. By definition H(@(K, F)/@(F))
= Kernel A;/Image A;. It follows by (5.4) that Kernel A; contains all residue
classes ¢E(F?Q K)*/F?* such that

Ax(8) = ex.2(d)erer.1(8) lertox.0(@) = 1,

where the unit 1 is the unit of the quotient group (F*®K)/*F3*. Let
aE (F*QK)* be an element representing the class @, then the last condition
on ¢ is readily seen to be equivalent to the following condition on a:

ex,2(a)ergr,1(a) lertgk,0(a) = t for some ¢ € F*,

This condition is equivalent to (4.1). Indeed, replace in this condition the
respective €’s by o and 8 in accordance with (5.8b), and one obtains a(af)~la*
=¢ which is condition (4.1).

Thus, it follows that Kernel Ay = (Z, F?*)/F?* where Z has the same mean-
ing as in the preceding section: i.e., Z contains all elements of (F2QK)*
satisfying (4.1). Since ZD F?*, it follows that Kernel A;=Z/F2*

Now, Image A; consists of all classes a& (F?® K)/F?* which are of the
form

a= Al(ﬁ) = eK,l(ﬁ)GF@)K'o(f)_l for some ﬁ c (F ® K)*/F*.

If a&€(F?QK)* represents ¢ and p&(F®K)* represents p, then the last
condition on ¢ is equivalent to

a = ex1(p)erox,o(p)~'r for some r S F*,

This is equivalent to the fact that a satisfies (4.3) with ¢=p"' Indeed, by
replacing ergx,0 by ¢, we obtain by (5.8a) that a=p(p*)~'» which is condi-
tion (4.3). This clearly yields that Image A;=(®, F2*)/F?* where ®, as in
the preceding section, is the group of all elements satisfying (4.3). Since
®D F?*, it follows that: Image A;=~®/F?*. Consequently,

HY(C(K, F)/e(F)) = (Z/F™)/(®/F*) = Z/® = B(K, F),

by Theorem 4.2.
The symmetric definition of B(K, F) readily yields, by the preceding
theorem, that

CorOLLARY 5.1. If K and F are finite algebraic extensions of C then
H'(e(K, F)/e(F))=H'(C(F, K)/C(K)).

We intend now to represent the Brauer group B(F) of all algebras split
by F, by the cohomology groups of the complex C(F), and first we obtain a
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result which is parallel to the triviality of certain known cohomology groups:

THEOREM 5.3. Let K be an algebraic extension of an infinite field C, then
HY(e(K, F))=1.

Proof. By definition H'(C€(K, F))=Kernel A;/Image A; and Kernel A,
contains the set of all & (K ® F?)* which satisfy As(r) =ex 2()ergr ()2
ergr,o(r) =1, or equivalently, ergx,o(r) =€k 2(7)errgx 1(r). Using (5.8b), this
relation obtains the simple relation: rre =175

Let {h;} be a C-base of F. Since rE F2Q K, we have the following expres-
sion for r: 7= Zhih}”kij. Hence, one readily obtains, by Remark 4.1 that:

P = By and F = X bk

Put u;= D _hfk:; and v;= Y_h:k;. Then the condition that rr¢=78 means
that 7( 2_u;h;) = 2 v;h;. Now, 7, u; and v; belong to F2®K and {A{} is an
F*@K-base of F!®K; hence ru;=v; must hold for all j. Consequently,
r( usx;) = Y vx; for all x;€C.

Let s= Zvjxj—-—- Zhi?Cjk,’jEF@K, then the last relation yields that
rs$=s for some sEF® K. Coming back to the notation in the €'s we obtain
by (5.8a) that rex i(s) =€rgx,o(s), which will show that r&Image A, if we
can determine x; so that s is a regular element, i.e. s&€(FQ® K)*. Consequently
we shall obtain that H'(€(K, F)) =1 which we need. Indeed, D v, clearly
belongs to some finite algebraic extension K’ of C. Now, Norm (D v
=f(x;) (where the Norm=Norm (K'® F/F)), is a polynomial in the {x,}
with coefficients in F. The polynomial f(x;)5£0, since in the ring F2Q K we
know that Norm r=Norm (thf’) =f(h¥) is a regular element. Assuming
that C is an infinite field, we are able to find x;=¢;EC, so that Zvic,- is a
regular element in K ® F, and the proof of the theorem is completed.

We are now in a position to show that the Brauer group B(F) of all simple
algebras split by F satisfies:

THEOREM 5.4. If F is a finite extension of C then B(F)=H?*(C(F)).

Proof. We apply Theorem 5.2 for the case K =F. Consider the exact
sequence:

i .
1 — ©(F) — e(F, F) 2> e(F, F)/e(F) — 1.
By [4, p. 60], this sequence leads to a cohomology sequence, of which we
consider only the first terms:
]‘* * %

(5.9) H{CF, )L B(eF, B)/e(F) - B (CF) > HC(F, F).

The first group H(C(F, F)) =1 by Theorem 5.3. Next, we prove that ¢*
maps H2(C(F)) onto the identity of H2(C(F, F)). Indeed,
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H*(C(F)) = Kernel A;/Image A,;
hence, if rEKernel A, & F3*, then it follows by definition of A;=A¢; that
Ac,3(r) = ec,3()erge,o(r) lertee 1 (r)eree,o(r) = 1
or equivalently
€c,3(r) = erge 2(r)ertec.1(r) Terige,o(r).

Now it was pointed out in the beginning of this section that e¢,, is the injec-
tion of F*®C into F*t1®C. In our case ec,; is exactly the injection 7* we
are dealing with. On the other hand, one readily verifies that by (5.2) that
emge,1=¢€migr, forall [=0,1, - - -, n—1. It follows, therefore, that

i*(r) = era()ergra(r) lergr,o(r) = Ap,s(r)e Image Ap,s.

Consequently, ¢* maps H?(C(F)) onto the identity of H*(C(F, F)).
Thus (5.9) is actually the following exact sequence:

*

1 — HY(C(F, F)/C(F)) A—) H2(C(F)) — 1.

The exactness of this sequence proves that H*(C(F))=H'(C(F, F)/eC(F)),
and the latter is isomorphic with 8(F) by Theorem 5.2.

REMARK 5.2. Theorem 5.4 is valid also for infinite algebraic extensions of
C. Since Theorem 5.3 and the preceding proof hold for infinite extensions, we
still obtain that H'(C(F, F)/@€(F))=2H?*(C(F)). The weak point of the preced-
ing proof is the application of Theorem 5.2, which was proved only for
finite extensions K of C. In order to fill this gap it remains to extend Theorem
5.2 to infinite extensions K of C.

Indeed, if a€HY(C(K, F)/C(F)) and K is not necessarily finite over C,
then one readily verifies that g€ H'(C(K’, F)/C(F)) for some finite extension
K’ of C, K'CK. Hence, by Theorem 5.2, it follows that & corresponds to a
central simple algebra AEB(K', F)CB(X, F).

Conversely, if U is a finite central simple algebra €B(K, F), then ¥ is
split also by a field K’CK and (K': C) < ;i.e., UEB(K’, F) for some finite
extension K’ of C. Hence, by Theorem 5.2, 9 corresponds to some
da€EH(C(K', F)/C(F)). Clearly, €(K’, F) can be considered as a subcomplex
of @(K, F) and, therefore, a€H'(C(K, F)/C(F)). It is not difficult now, in
view of Theorem 5.2, to prove that this correspondence between

H'(C(K, F)/€(F))

and B(K, F) is an isomorphism.

The proof of this remark shows in fact that if K is a union of a linearly
ordered set of field K,, then both H(C(K, F)/@(F)) and B(K, F) are limit
groups of H(€(K., F)/C(F)) and B(K., F), respectively.
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Theorem 5.4 is the unifying frame of both the classical results on the
representation of the Brauer group of the algebras split by a normal extension
and on the Brauer group of the algebras split by a purely inseparable exten-
sion of exponent 1. The proof of this fact is the object of the following sections.

We shall deal from now on only with the complex €(F), and we shall de-
note its cohomology groups by H*(F) or by H*(F/C), and its derivation will
be denoted by A,.

We shall treat separately the two cases: (1) F be a normal extension of C,
(2) F be a purely inseparable extension of C of exponent 1.

6. Normal fields. In this section we assume that F is a finite normal ex-
tension of C with a group of automorphisms G. Let @, * - -, @, be the auto-
morphisms of F over C. First we determine the structure of the ring F».

LEMMA 6.1. F2=Fe, ® - - - @ Fe,,, where e, are primitive idempotents in F?
satisfying: (1 @h)e.=a(h)ea.

This result is well known (e.g. [10] and [5]), but we shall produce here
a different proof which will yield some additional information on the idem-
potents e,.

Proof. We consider F? both as a ring and as a left F-module by setting
hr=(h®1)r, for hEF and rE F2.

Let N be the ideal in F? generated by the set {h®1—1®%k; hEF}. Since
F is a separable extension of C, the ring F? is semi-simple. Hence F2=N® Ny,
where N, is an ideal in F2. It follows now from the definition of N that
N,=F?/N=F; hence, N is a minimal ideal in F? which implies that N;= Fe
where ¢ is a primitive idempotent. Clearly, the definition of N yields that:

he = (h® e = (1 Q h)e.

For a fixed a &G, the mapping a®1 of FQF is readily seen to be an iso-
morphism of the latter over 1® F. Hence, the element e,=(a®1)e is also a
primitive idempotent of F2. Furthermore, since (2®1)e=(1®H%k)e it follows
that

6.1) a(Bee = (@ @ D[(A ® 1)e] = (« @ D)[(1 @ h)e] = (1 @ h)ea.

In particular this relation implies that all idempotents e, are different.
The number of these idempotents is equal to the order of G=(F: C) = (F2: F).
Hence, clearly, F?= Fe,® - - - @ Fea,, q.e.d.

We shall denote in the following theorem: 29 =1Q® - - - Qr® - - - ®1,
where ZE F stands in ¢th place and 1 elsewhere. (o) =(au, * * -, an) will de-
note an #n-tuple of elements o;EG.

We now extend the result of the previous lemma and we show:

LEMMA 6.2. F*+l= Y Fe(,, where the sum is direct and it ranges over all
n-tuples (o) of elements of G. The element ey is a primitive idempotent which is
uniquely determined by the condition:



1959] COHOMOLOGY GROUPS OF ARBITRARY FIELDS 99

(62) h("’e(al ..... a,) = Q10g * oot a.«_l(h)e(a,,...,.,n), 1= 2, e, R + 1
and by definition, hVe oy = he (.

Proof. The proof is carried out by induction on #. The case n =1 has been
proved in the preceding lemma. Suppose the lemma is true for #, then since
Fril= 3 "Fewy, (@) =(a, - -, ), it follows that F*+?= Y Fe®F, and we
shall show that

Fewy ® F = Z Few,,....an,y), Where vy = a,?la:_ll cee al_]B.
Beq
Indeed, let p: FQ F—Fery® F be the isomorphism defined by: p(A®%)
=he) ®k. Note that p is also an F-isomorphism between the two F-modules:
FQ®F and Fey® F, namely: p(hx) =hp(x) for hEF and xE F2. It follows by
the preceding lemma that F®F= ) Fes hence Fewy®F= Y Fp(es), and
clearly p(eg) is a primitive idempotent in F*+2, Qur next aim is to show that:

(6.3) ples) = €(ay,---.apmy, Wwhere vy = aZl s a:lﬁ.
Now e ®1 is the unit of Feuy® F and p is an F-isomorphism, hence it
follows by (6.2) that: for 1=1,2, - - -, n+1

EDp(es) = B (e@ ® 1)p(es) = (hDe) ® 1)p(es)
= (a1 + - aia(h)ew @ 1)oes) = araz - - - ai1(h)(e@y @ 1)p(es)
= aias - - - ai_1(k)p(es),
and for t=n-2

B p(eg) = p[(1 ® h)es] = p[B(h)es] = B(h)p(es)

-1
= aias - - - any(h)p(es) where v = a,

—1 -1
aﬂ—'l st al ﬂ’
which proves (6.3). The proof of the rest of the lemma is now evident. We
only point out that (6.2) implies that all the e, are different and that their
number is equal to (F»+l: F).
The main object of the present section is the following theorem:

THEOREM 6.1. Let F be a finite normal extension of C with the Galois group
of automorphism G, then H*(F) = H*(F*, G).

Proof. Let C.,=Hom,(F*, G*) be the multiplicative group of all functions
of G™ into F*. In the present proof we shall use the following definition for
H*(F*, G):

The sequence

& ot on
(6.4) Co—>Ci— -+ >5Cr—> - -

with the coderivation
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@) (ay, - - -y ang1) = aa(flez, « + «, any1))

n
(65) : Hf(al: T, ity ot t an+1) (_I)V(Qb tt an)(—l)n-l

1=1

yield the cohomology groups H*(F*, G) =kernel 6”/Image 61
We shall exhibit an isomorphism ¢ between this complex and the complex
C(F) defined in (5.6b) but in which we omit the first member, namely:

Ay A, A,
(6.6) F¥ 5 F2* 5 ... Fn¥_ ..,

In other words we shall define an isomorphism ¢: Frti*—sHomy(F*, G*) such
that A, ;1 =26%¢ for all n=0.
Since F*+l= " Fe(,, it follows that for a € F»+1,

(6.7) Aliay, - rapy = faloa, + + =, an)e(ay,---, 2,), for some f,((a)) € F,

and conversely, for any set of elements f((a))EF we define an element
a;E Fr+1 by

(6.8) ar = 2 f((e))e.

(a)

Clearly, a & Frt1* i.e., a is a regular element, if and only if f,((«)) %0 for
all (). Furthermore, since the idempotents e are orthogonal, the mappings
a—f, and f—a; are inverse mappings between F*+! and the set of all functions
of G into F. The isomorphism ¢ which we need is defined by:

o(a) = f, and, therefore, c=!(f) = a,.

Thus, o is a one to one map of F*+'* onto Homy(F*, G*). To prove that ¢ is
actually an isomorphism between these groups, we observe that:

far((@))e@ = (ab)ew = afe((a))e@ = fo((a))fa((a))e(),
which shows that o(ab) =a(a)o(b).
We turn now to the last stage in our proof which is to show that ¢A,4;
=6§"¢. That is, for every a € F**! we must have
(6nfa)(al) T an+1) = fA,H.la(al) Ct an+l)-

We begin the proof by computing the right side of this equation. It follows
by (5.4) and (6.6) that:

n+1
fAn+1a((a))e(a) = (An410)€(a) = H 6,’(0)(_1)"“—'6(,,)
=0
(6.9) nt1 )
= H ffi(a)((a))(_l)nﬂ_'e(a):
=0

where €;= epntis
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First we compute the functions f,,; for elements of the forma=1® - - -
®hapr=h" - - - B . We recall that 2°=1Q® - - - ®k® - - - @1 with k;
standing in the ith place.

Now e€(a) =ep5:(a)=® - - - Qhi®1®hip1® - -+ Qhnpa=h{ - - -
BORED - - - BEA2. 1t follows, therefore, by (6.2) that for i=1, 2, - - -, n41

N ), (i+2) (n+2)
fa@((@)ew = ea)ew = b1 -+ - hi hipr -+ - By e
= hfar(ha) J[araa(a)] - - - [or - - - @ia(B)][er - - - iaaioipa(Big)]

6.10)
( . [0[10[2 e an+l(hn+l)]3(a)

= fa(ah Qgy * "y O0liE]y Qg * ° 0, an+l)e(a1:"‘,an+1)7
since, by (6.2),
(1), (2) (n+1)
Q(ay, - - ajaitl, - canyy) = B1 B2+ 0 Buy1 €(ay,.. -, A t1y 1)
= hl[al(h2)] ce [al R ai—l(hi)][al A ai—laiai+l(hs'+l)] c
Jar -+ anga(bagn) ]

Since fy((@)) +f-((@)) =fore(()), it follows readily that (6.10) is valid for all
e E Fr,
For =0 and a the element dealt with above, we obtain:

(2), (3) (n+2)
f(eoa)((a))e(a) = e(a)e@ =M ha - - - Bt €ay,---, n+1)

(6.108) = el laseath)] - - - s - - anChern)leco
= as[(falas, * * -, ant1) Jecar,

since by (6.2) one obtains in a similar way that f,(a, - - -+, 1) =l [@a(hs) ]
<o Jog - @ngs(Bags) ] Fori=n+1,

e} (n+1)
Jan@{(@)ew = ep1(a)e@ = b1 -+ - hoyr e

= mfon(hs)] - - - [or - - - mln)]e@ = falan, -+ + + , an)eqay,

and from the reason stated above it follows that (6.10a) and (6.10b) for all
GEF”'H.

The required relation that ¢A, ;=8¢ follows now, by inserting the three
results (6.10), (6.10a) and (6.10b) in (6.9) and by comparing the outcome
with (6.5). Consequently, o is a cochain isomorphism between the complexes
(6.4) and (6.6) and it induces, therefore, the isomorphism H*(F*, G)=H*(F).

In particular, the last theorem together with Theorem 5.1 proves the
classical representation of the Brauer group B(F) of the central simple alge-
bras split by F:

THEOREM 6.2. B(F) = H*(F*, G).

(6.10Db)
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7. The inseparable case of exponent 1. For the purpose of the present
section we assume that Cis a field of characteristic p#0 and that F is a purely
inseparable extension of C of exponent 1.

Let N, be the ideal of the ring F* generated by the set {h—h(‘); hEF},
and as in the preceding section A7 =1Q® - - - @h® - - - ®1, where & stands
in the sth place. As in the normal case one verifies that F*/N,=F, but in the
present case N, is a nilpotent ideal, and for every n & N,, n?=0. Indeed, let
n= Y ri(hj—hP), then n?r= Y (k¥ — (k7)) =0; since F is a separable ex-
tension of C of exponent 1, which implies that 4] =¢;& C and by the definition
of the tensor product with respect to C, it follows that ¢;=c® =0.

Thus N, is the radical of the ring Fo. Let N,= {1+n; nEN,.}, then N?
is a multiplicative subgroup of F»* Moreover, since F*=Ft@® N,  is a sum
of the additive groups of the elements of F and of the elements of N/, it
follows that every r& F** has the form r=a+n, a#0, aEF and nEN,.
Hence, r =a(1+a~'n) =a~!'(1+m) and mE N,. This proves that Fp*=F*N};
and it follows, therefore, that Fr*/NO= F*,

Returning back to the isomorphisms €;=¢ep1,; we note that these iso-
morphisms map also Nj into N3,,. Consequently, the coderivation A, maps
also NJinto N3, which means that the following sequence:

(7.1) T e R VL SR
forms a subcomplex of the complex C(F) defined in (5.2). We shall denote
this comples by €(N?).

We thus have obtained an exact sequence:

1— @(N% — @(F) — €(F)/e(N% — 1.

It will be shown later that H*(C(F)/C(N®))=1; hence, the cohomology se-
quence obtained by the preceding exact sequence:

1 = H*'(C(F)/€(N®) — H"(€(N") — H"(C(F)) — H"(e(F)/C(N%)) = 1
yield that:
THEOREM 7.1. H*(C(N%)=H"(C(F)).
To complete the proof of this theorem it remains to show that
H*(C(F)/e(N?%) = 1.

Indeed, the quotient complex €(F)/@(N°) contains the groups F»*/N; for
n=1, and 1 for #=0. These groups can be considered in a natural way
as the multiplicative groups of the regular elements of F*/N,. The latter
are isomorphic with F by mapping: h—h, hEF and, where h denote the
residue class mod N, represented by the element k. Now the mappings €;
clearly induce an isomorphism between F*/N, and F**!/N,.; which both
are rings isomorphic with F. Furthermore, clearly the isomorphism, which is
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thus induced in F, leaves the elements of the field C invariant; hence, since
F is purely inseparable extension of C, it follows that this isomorphism is the
identity. Consequently, we obtain that €;(r)=r (mod N,.;) for every r& Fn.
In particular, one readily verifies that this implies that €;(r) =7 (mod N{,,)
for r& Fr*,

It follows, therefore, by (5.4) that €;(r)=r (mod Np,,) if # is even and
€i(r)=1 (mod NY,,) if # is odd. In other words, the quotient complex

C(F)/C(N®)
is isomorphic with a complex:

1——)1-——-)F*éF*-oo—)F*—-)o--

in which the coderivation is alternatively the zero map: r—1, and the identity
map: r—r. Evidently, the cohomology groups of such a complex are trivial,
which was required to show.

We can go further in simplifying the complexes in the present case by
replacing the multiplicative groups by additive groups:

Let N denote the additive group of the elements of N, and we set
N =N{ =0. Consider the mapping:

2 np—-l

7
n:n——>1+n+z+---—.|—(P._1)!

Since the elements of N, are nilpotent elements of index p, i.e., #?=0, one
readily verifies that 5 is an isomorphic mapping of the additive group N
onto the multiplicative group N9, and its inverse is the mapping:

(=exp (n), n € N

2 my—l

n“:l—l—m—»m-—%—l—~--+(—-1)Pp_1y

Since the ¢; are isomorphisms of F* into F»*!, it follows readily, by the
definition of 7, that

14 mE N,.

(7.2) €1 = 7€,

We now use the definition of A, of (5.4) also for the additive groups N;.
Namely, we set:

(7.3) Aa(r) = ealr) — ea(r) + - - + (=1)meo(r), rE N,
where e;=¢p ;. We thus obtain a complex:
+ +
+ AI n
0__)N1—_)...__)Nn—)...’

which we shall denote by @(N*). Next we show:
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LeMMA 7.1. The isomorphism 1 is a complex isomorphism of C(N;) onto
C(NY), and hence, H*(C(N*T)=H"(C(NY)).

Proof. It was pointed out already that % is an isomorphism of N, onto
N?. Hence, to complete the proof of this lemma one has to show that 74,
=A,n. Indeed, first we note that n(x+y) =n(x)n(y), hence it follows by (7.2)
that for rEN;},

(A0 =1 < i (—1)"‘ie,~(r)> = fI (nes(r)) D™

=0 1=1

= II (em() V™ = (Am)(»). qeed.
=1
We note also that the definition A} in (7.3) is good also for all »& Fn+,
where Fnt denotes the additive group of the elements of F». Hence, the map-
ping A7 may be considered as a coderivation of the complex:

Al An
0__)F+_>F2+_)..._)Fﬂ+_) o e,

We shall denote this complex by @(F*), and its cohomology groups will be
denoted by H*(Ft). The passage from the cohomology groups H*(C(N™)) to
the new cohomology groups H*(F*) is similar, but in the opposite direction,
to the passage from H"(F*) to H"(C(N®)). Namely, the complex C(N*) is
readily seen to be a subcomplex of @(F*). The quotient complex @(F*)/C(Nt)
contains the groups F*t/N;}=~F+ and as in the multiplicative case, this
complex is isomorphic with a complex: 0—F+—F*— . . . in which the co-
derivation is alternatively the zero map and the identity map, and, conse-
quently its cohomology groups are all trivial. Hence, as before, the exact
sequence:

0— C(N*t) - e(Ft) > e(FH)/e(Nt) — 0
yield that
0 = H*Y(e(Ft)/e(N*)) — H™(C(N1)) — H*(F*) —» H(e(F¥)/e(N*)) = 0
whence:
THEOREM 7.2. H*(F¥)~H"(C(N*))=XH"(F).

We intend now to show that H"(Ft) is isomorphic with a subgroup of the
restricted cohomology group Hi(F, £) where £ is the Lie-algebra of deriva-
tion of F over C, and we begin with introducing some basic notions.

A derivation D of F over C is a C-endomorphism of the additive group
F+ satisfying: D(xy) =D(x)y+xD(y). The set £ of all derivations of F over
C form a restricted Lie-algebra in the sense of Jacobson [9]. That is: £isa
C-space closed with respect to the Lie-bracket: [Dl, D;|=D,D;—D,D,, and
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with respect with the p-mapping: D—D>,

The u-algebra U of L is defined as follows (see e.g. [6]): Let T, be the
tensor algebra of L; namely, Tpr= Y 5o Tz¢ where Tp0=C and T.¢is the
i-fold tensor product L&L® - - - ®L, and the multiplication in T is de-
fined by the canonical map: Tpf @ T1i—T+i. Let P be the ideal in T
generated by the elements {x®y—y®x—[x, 7]; =, yEL} and by the
elements {x?—xl?l; x© L}, where x» denotes the pth power of the element
xET;, and xPEL is the derivation of F obtained as the pth power of x
when the latter is considered as a linear operator of F. Then, the u-algebra
1IL = TL/PL.

We set, as in [6], Uf =T /Py, where T§ = Y_, T1i. The elements of the
field C are identified with (C, P)/Pr. We shall denote by e the canonical
map of U;—U./UF, and for every €11, we have: e(u) EC and u —e(u) EUF.

The additive group F* can be considered in a natural way as a restricted
£-module, or equivalently (by [6]) as a 11,-module. This is achieved by set-
ting:

c(k) = chfor hE F and ¢ € T = C, and
[ur ® « - - ® wl(h) = waws - - - wilh), us € &,

and by extending it linearly for all elements of T';. Since PL(F) =0, it follows
that the preceding definition turns F into a U -module.

In particular, we note for further applications, that since #(1) =0 for
u&Wf it follows that for arbitrary # &1, we have (1) =e(u). Indeed, u(1)
= [u—e(@) (1) + [e(w) (1) =€(w).

The restricted cohomology groups Hi(F, £) were defined by Hochschild
in [6], as the cohomology groups H=»(ll;, F). In what follows we shall use
the following definition of the cohomology groups H*(111, F): Let Hom¢ (1%, F)
be the additive group of all C-linear functions f: U ® - - - @U,—F. The
sequence of these groups Hom¢(l1Z, F) is a cochain complex with the code-
rivation () :

(6"f)(u1, ttt ’un+l) = (_1)”+1u1f('u27 DR un+l)

3 (), - sty ) A sy - )t

=1

and HL(F, L)=H"(l1.F) =Kernel §*/Image 6.
Next we turn the ring F**+! into a Up-module as follows:
Forv=U;® -+ Qu,EN} and a=ho® - - - Qh,, we set:

(7.5) (0 ® - @ u)(a) = holw[hawa] - + + [Bncatta(Bn)] - - - 11].

For example,

(7.4)

(1) Note the difference in the sign (—1)»*1 between this definition of 8 and the classical
definition of e.g. [6].
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u1(ho @ h1) = hous(hy), (41 @ u2) (o @ b1 ® hs) = ho[ur[hyua(hs)]], ete.

and one extends the definition (7.5) linearly to all ¢ € F»*! and all €U}, It
is now easily verified that F**+! is a well defined UZ-module.

To any a &€ F*+! we associate a function f,&EHome¢(Uf, F) defined as fol-
lows:

(76) fa(ul, ) un) = (ul ® -0 un)(a)y u; € Uy,
First we show:

LemMMmA 7.2. The mapping p:a—f. is a monomorphism of Fr+l into
Hom¢(UZ, F) satisfying pAni1=208"p.

Since fe=c¢fs for ¢€C and foyp=fo+fs, it follows that p is a homomor-
phism, and Corollary 7.1 (to be proved later) implies that p is actually a
monomorphism.

It remains now to prove that pA,.;=28"p. It follows by definition of p and
of A, that

n+1 n+1
1D ead@ = o] (-0 | = (-0,

and we first compute the functions f.,q) for elements a € F**! of the form
a=ho®@Mm® + - - Qhy=h{LP - - - KD, We recall that A" =1Q - - -Qh

® - - - ®1, with & standing in the 7th place. -
It follows readily by the definition of e;=epr+1— ; that:
(7.8) (D) = B® for j < i, and €;(A) = BUFD for j > 1.
Hence, eo(a) =€o(hP)eo(h®) - - + (BT D) =hPH® - - - BT+, which im-

plies, by (7.5), that:

eola ,...,u”
(7.9a) Seot y (21 +1)

= mlhows| - - - bnsthagr(bnin)] - - - ] = wafalsz, - - -, Unpa).
If i=1,2, - - -, n then we obtain by (7.8) and (7.5) that:
(@) = alh) - el ) = ko b
Hence,
fa@ (@1, + + +y Ung1)

(7.9b) = ® o ® ung) s+ b R
= hou1[h1 co ui—l[hi—luiui+l[hi et un+l(hn)] e ]]
= fa(us, « -+, Uithiyr, * * -y Unyr).

If i=n41 then e,qi(a) =hP" AP - - - " and, therefore,



1959] COHOMOLOGY GROUPS OF ARBITRARY FIELDS 107

(
Jan@@, =+ ) = (1 Q@ - - - @ tngr) (o - )

= ho[ul[kl T ”n[hnun+l(1)] t ]] =fa(u1; © ey Un)e(Unyr),

since it was shown that #,41(1) =€(#,41) € C and all the operators #; commute
with the elements of the field C.

The mappings ¢; are isomorphisms and fas =fa +f holds for all a, bE Fr+1;
hence, it follows that the three relations (7.9a), (7.9b) and (7.9¢) hold for all
GEF”'H.

The requirement that pA,.;=28" is equivalent to the condition that:

Jansi@ = (pAni1)(a) = (87p)(a) = 87,
and this is now readily obtained by inserting the three relations (7.9) into
(7.7) and comparing the outcome with (7.4).

We intend now to show that p induces an isomorphism of the cohomology
groups H"(F¥) into the restricted cohomology groups Hy(F, £). To this end
we have to consider a certain base of £:

Let (F: C) = p*, then it is known that F=Cl[x,, - - -, xx] where 27 =¢;EC.
Every h€F can be expressed uniquely in the form k=f(x, - - -, xx) where f
is a polynomial in the x's of degree <p in each x;, We define a derivation
D;E & of Fover C by setting D;(h) =3f/0dx;, where 8/0x; is the formal partial
derivation of polynomials f with respect to the variable x;. Evidently, D;isa
well defined derivation and Dj(x;) =4;,;.

The derivations Dy, - - -, D; are an F-base of £. Indeed, if DE £ then
Do=D— Y.Di(x;)D; is also a derivation of F and Dy(x;) =0 for all x;. This
immediately implies that D=0, whence D = »_D;(x;)D;, and our assertion
follows since the derivations D; are F-independent.

We shall denote by U, the C-subalgebra of U, generated by the deriva-
tions D;. One readily verifies that U, is a commutative algebra and that
D} =0.

We introduce the following shortenings of notations: () =(»1, - - -, vx) be
k-tuples of non-negative integers. We shall adopt the accepted definition of
the sum of vectors: (v;) + (u:) = (vi+us).

If a=(ay, - - -, ar) is a vector of elements in any commutative ring then

(n+1)
n

(7.9¢)

we set a® =ajlaz? - - - a3t and ¢ =1. One readily verifies the following rule,
a®.ag®) = g+,
In particular, for D=(D,, - - -, Di) we have D®=Djr . . . Di*&, and

D® =0 if some »; > p. It seems to be more convenient to consider the following
elements of Uo:

(7.10a) Doy = (1! - - - »))"1D®,
Similarly to the Leibnitz’ rule, one shows that:
(7.10b) Duy(ab) = 2 Day(@) w(®).

M)+ (p)=()
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For hE€F, we put d;(h) =hU+tD —p@ j=1, ... n, and we recall again
that 20 =1® - - - @2Q® - - - ®1 with % in the jth place. Let x = (x1, - - - ,xx)
be the vector whose coordinates are the generators x; which were chosen
above, then we set d;=d;(x) =(dj(x1), - - -, d;(xx)); and, thus, d{” =d;(x,)"

- dj(xx)**. These elements are of importance as seen in the following
lemma:

LEMMA 7.3. The elements {d{Vdy? - - - d™; ) =@a, - - -, va), P>vij
go} form an F-base of F*~!, and for every aEF’H'l the following holds:

(7.11) 0= fulDoys -+ Dow)ds” - - - du”

where f, was defined in (7.6).

Proof. If ZEF, then h=g(x1, - - -, xx) is a polynomial of degree <p in
each x;. Since x{*? =x{ +d;(x,), it follows by the Taylor expansion for poly-
nomials that:

G+1) G+1) G+1) G+1)

h =f (xl," xk)—'f(l y Tty Xk )
—f( i:)
= (! m) T @/0xr - 0x )1 Vd M) - - - ()

= > D],

+ diw), -+, w0+ di(w))

Namely,

(A) B = 3 [De,()] V4 for h € F.
Hence,

(€))

(Do ()]” = X [P [ D] d2, for j > 1,

which implies that

(J-—l) (J—l) (u) (V)

E [D(M) [D(V)(h) ]] J—ld

@), (w)

By repeating this process we obtain:

1)
ody!

forl=1,2,--,n+ 1.

(»1) (vz)
) =2 [DopDey * + - Dop(i)]di’ :

It follows now easily from (B) that every a & F»*! can be expressed as a
linear combination of the elements {d{dy? - - - dy»} with coefficients in F.
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The number of the latter is exactly (F»*!: F)=p*» since one has only to
consider the k-tuples (v;) with 0 Z»;; <p; hence, these elements are an F-base
of Fr+', which proves the first part of the lemma.

Formula (B) which we have obtained above is exactly (7.11) for a =h"?.
This is a consequence of (7.6), (7.5) and that:

(Dop ® =+ @ D) (h) = (Doyy + + - Dop)(B) if (ni41) = + - - = (va) = (0)

and zero otherwise.
Let a=hy" - - - KY€ Fr+l, then it follows by (B) that:

) @) (¥n)
Z D(yl)(h )dll e (E [D(Vl) e D(vn)(hn)]dl < dn )

(p1)

= 2 gllp), -+ -5 (o))ds

a—ho

(pn)
cda, R

and

g((p1), -+, (pn)) = 22 hoDoy (k) [Doy Doy (k)] + - [Dymy + + + Domy(Bn)]

where the sum ranges over all k-tuples (¥)) such that:

G+ O =G, G) 6D = (), e, BR) = (p)
One verifies easily by (7.10b) that:
ga((p1), =+ 5 (o)) = koD op[laD oy [maD o[ - - + [rn1D oy (k)] - - - 1]1

), (2 (n+1)
= (D(px) ®: -0 D(pn))(ko by - ) "fa(D(Pl)’ ) D(Pn))’
which proves the validity of (7.11) for elements a=Aa"E® - - - D The
rest follows now from the fact that if (7.11) holds for two elements a, b then
it is valid also for the element a-b.
A simple consequence of (7.11) is the following:

COROLLARY 7.1. a =0 if and only if fa(D¢y, + + + , Dop) =0 for all D,y E U,.

We are now in position to deal with an inverse homomorphism of the
homomorphism p given in Lemma 7.2:

For any function f&Hom¢(Uf, F) we shall denote by o(f) =a, an element
of Frt! defined as follows:

(7.12) 4= 2 f(Dopy - -+, Dow)ds” + - - dy”.

Then:
LEMMA 7.4. The mapping o: f—ay is an epimorpism of Home(UZ L, F) on

Fn+l satisfying: (1) op =1identity, (2) The restrictions of pa(f) and f on Uy coin-
cide: (3) oo =A. 0.
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Proof. It follows from (7.12) that ¢ is a homomorphism, and (7.11) implies
that it is an epimorpism. Furthermore, the uniqueness of (7.11) implies by
comparing it with (7.12) that op(a) =a for ¢ € F*+!, which proves (1). Indeed,

(v1) (n)
O'p(a) = Zp(a)(D(n)y T l)("n))dll c o dy

N )
=2 fe(Dops ==+, Do)di -+ - dn” = a
The same reason yields that fo(D ey, * * 5y Dow) =fD oy, - - -, Doyy) for

all Dy&EU,, which readily implies that the restrictions of pa(a) =f, ) and f
on Uj coincide.

To prove (3) of Lemma 7.4, we observe that o(f) =0 (g) if and only if
fo=go, where fo denotes the restriction of f&E€Hom¢(l7, F) to U;. With this
notation, condition (2) of our lemma means that [ps(f)]o=f. One also veri-
fies easily that if fo=go then (8”f)o=(6"g)e. Hence, it follows from (2) that
[(67p0) (f) Jo= [8"f]o, which implies by the preceding remarks that ¢§"pg =g,
It follows, therefore, by (1) of our lemma and by Lemma 7.2 that:

00" = 08"ps = 0pAnt10 = Anpio. q.e.d.

Combining now the results of Lemma 7.2 and Lemma 7.4 we obtain the
following situation: The homomorphism p of Lemma 7.2 induces a homo-
morphism p* of H*(F*) into H*(\;, F); on the other hand, the homomor-
phism ¢ of Lemma 7.4 induces a homomorphism ¢* of H*(ll;, F) and (1) of
Lemma 7.4 implies that o*p* =identity mapping of H*(F*). From which one
readily verifies:

TucoreM 7.3. p* 1s an isomorphism of H*(F*) into Hy(F, £) =H"(., F),
and p*[(H*(F+)] is a direct summand of Hi(F, £), i.e. Hy(F, £) =p*[H"(F*)]
Go*1(0).

In particular, it follows by Theorem 7.2 and Theorem 5.4 that:

THEOREM 7.4. The Brauer group B(F) of all central simple algebras over C
which are split by F is isomorphic with a subgroup of the restricted cohomology
group HZ(L, F).

A result of this type was obtained by Hochschild in [7] and probably the
canonical map of Ext(F, £) into H*(F, £) maps the “regular extensions” of
£ by F, which were introduced by Hochschild in [7], onto the group
p*[H2(F*)], but we were unable to carry out the complicated computations
involved in proving this result.

In the proof of Lemma 7.4 we have observed that ¢(f) =¢(g) if and only
if the restriction fo, go of f and g, respectively, on U coincide. It follows,
therefore, that o induces an isomorphism of Hom¢(llj, F) onto F#t!, and,
thus, Lemma 7.4 implies that o induces also the following isomorphism:
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THEOREM 7.5. H*(FH)=H*(,, F).

One still would like to have an invariant characterization of the image
p*(H(FY)).

8. An application. In the present section we apply the preceding theory
of the representation of the Brauer group to prove another result of Hochs-
child [8] with a slight generality.

Let F be the algebraic closed extension of a field C of characteristic p #0.
Let B(F/C) denote the Brauer group of all finite dimensional central simple
algebras over C (and, evidently, split by F). Let €(F/C) be the complex:

1> F* > (FQcF)*—>: > (FQcF®c: QcF)*—.

The cohomology groups of this complex will be denoted by H*(F/C), since
we want to emphasize the role of the field C.

In view of Remark 5.2 and Theorem 5.4, it follows that H2(F/C)=8(F/C).

Consider now the mapping 7~ !: ¢—a!'? for aEF Q¢ - - - ®¢F. Since 7!
is an automorphism of F and #—! maps C onto CV? it follows that #—! maps
FQ¢ - -+ ®cFonto FQ¢'» - - - ®c¢'»F. Hence, 7! maps isomorphically the
groups of the complex €(F/C) onto ©(F/C'?). Furthermore, it follows im-
mediately from the definition of ¢; in (5.2) and the definition of A, in (5.3),
that #A =Aw. Consequently:

TueoreEM 8.1. The automorphism m:a—a''? induces an isomorphism
H~(F/C)=H"(F/CY»).

In particular, it follows for n =2 that:
THEOREM 8.2. B(F/C)==B(F/CV»).

A more detailed study of this mapping gives more information on the
isomorphism between the Brauer group B(F/C) of all central simple algebras
over C and the Brauer group B(F/C'?) of all algebras over C!/?, and first we
prove:

LemMA 8.1. Every algebra N over C is similar (in the sense of Brauer) to an
algerbra Br.

Proof. Let a& H?(F/C) which corresponds to A. From the definition of
the complex @(F) and the mappings eFm; and A, in (5.2), (5.3), it is easily
verified that a'/?EH?(F/C). Let B be the central simple algebra correspond-
ing to al/?, then one concludes from the isomorphism H?(F/C)=8(F/C) that
B? is similar to 2.

To determine the isomorphism of Theorem 8.2, we observe that if
a&H?(F/C) and corresponds to ¥, then one has to consider ¢'? in that
theorem not as €H?(F/C) but as a cocycle of H?(F/C"?) to which corre-
sponds an algebra Ay, over C'?, It is not difficult to show that the inclusion



112 S. A. AMITSUR

mapping of the cocycles of H2(F/C) into H?*(F/C'?) is equivalent to the
correspondence of the algebras % over C to their field extension A ® C/? over
CV», Hence, in our case we have that Uy, is similar to the algebra 8 Q C'»,
where 729 and both correspond to the cocycle al/?.

Thus, we have shown that the isomorphism of Theorem 8.2 is the cor-
respondence A—B¢C'» where BP==Y. Since this mapping maps B(F/C)
onto B(F/CY?) and B is an algebra over C, it follows:

THEOREM 8.3. Every central simple algebra D over CY? is similar to an
algebra Do @ CM? where Dy is a central simple algebra over C.

This result, in a different version, has been obtained by Hochschild in
[8] using a different method.
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